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It is shown that negative bond and orbital populations may be avoided by 
the introduction of a weight factor in a bond index definition, together with 
a suitable parameterization. The negative bond populations found for first- 
row metal complexes need not be ascribed to counterintuitive orbital mixing 
but rather, essentially, to the equipartition of the charge distribution. Different 
definitions of the bond population are compared for ferrocene and the effects 
of some parameterizations are discussed, 
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1. Introduction 

In different papers about electronic structure of first-row transition metal com- 
plexes, both in semiempirical calculations and in ab-initio ones, negative values 
for the metal 4s and 4p orbital populations were found; the same thing happened 
for the metal-ligand overlap populations [1-4]. These unexpected disturbing 
results have troubled various researchers [5, 6]. The phenomenon has been 
ascribed to the counterintuitive orbital mixing (COM) [4]; the circumstances 
under which it appears and its consequences have been thoroughly discussed 
[4, 6]. 

We shall explore here if the equipartition of overlap population can play an 
important role in understanding the paradox. Bond charge is most commonly 
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assumed to be equally divided between both atoms in the bond [7-10]. In this 
paper we introduce an appropriate weight in a previously proposed generalized 
bond index definition [10]; this weight depends on the binding atoms' valence 
orbital electronegativity. We perform an EH calculation on the ferrocene 
molecule, which will suffice for our purposes. We compare the results obtained 
using the present definition, the same one without a weight, Wiberg's and 
Mulliken's bond populations, and various parameterizations. The comparison 
supports the hypothesis that the appearance of negative bond populations may 
be ascribed to the equipartition of bond charge distribution and to the choice 
of parameters, rather than to COM. 

2. Alternative Bond Population Definitions 

The well-known Mulliken overlap population [8], k~, being an orbital centered 
on atom/z and rv one centered on atom v, is: 

ktL rv 

pk~r~ = 2 ~ Xik~XirvSk~r~,  (2) 
i 

S being the overlap matrix and Xik~ the coefficient of the atomic orbital k .  in 
the ith doubly occupied wavefunction. 

Wiberg's index [11], defined for orthogonal basis, is: 

p t W )  z 
P k~ru~ 

Ir r v 

where Pk~r~ is the original Coulson's bond order. This index is hence forcedly 
positive; the basis may always be orthogonalized through L6wdin's procedure 
[121. 

The bond index which generalizes the Wiberg index for non-orthogonal basis 
[10] is: 

Z,~,, = Y. ~ Ik,.,Jrvk,. (4) 

with 

Ik,.,. = 2 Z Y. X,k,.X,,oS,,,.. (5) 
i tp 

In these definitions it is implicitly assumed that the centroid of the charge 
distribution lies at the midpoint of the internuclear distance, which is correct 
only in the homonuclear case [13, 14] and has been extensively discussed [15]. 
There exist several alternatives for a weighted partition of the bond charge 
[5, 16-19]; many suffer from the drawback of not being invariant under unitary 
transformations of basis orbitals. 

We have chosen a weight which takes into account the orbital electronegativity, 
so that the centroid of the charge distribution is displaced towards the more 
electronegative orbital. 
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Formula (4) for the generalized bond index becomes 
I ,  

I .~ = 2 E l'k.J:.k~ (6) 
k~ ru 

with 

l~,.r~ = 4 ~ Y. Xik,.X~t,St,r.cot,,,. (7) 
i t o 

and 

O~,o,~ = X,oI(X,o +X,.), (8) 
where Xt,, is the electronegativity of the orbital t belonging to atom p. Any weight 
will verify W,or. +~,.,,, = 1 [13]. 

Definition (4) is rotationally invariant [10] and remains so after the introduction 
of the proposed weight factor. In a semiempirical calculation such as this one, 
it is reasonable to use a weight which depends on empirical quantities instead 
of one involving results from the calculation itself. 

If a weight [5, 19] is introduced in the Mulliken definition (1), it will not alter 
the overlap population but only the atomic and hence the gross populations; it 
is indeed the same overlap population which is partitioned in a different way. 
That  is, the introduction of a weight does not avoid the appearance of negative 
overlap populations, although it m a y  avoid the negative atomic orbital popula- 
tions, as has been verified [5, 19]. In Eq. (4), instead, the weight changes the 
bond index. 

3. Results and Discussion 

When applying the previous formulae to ferrocene (CsHs)EFe, the geometry is 
taken from Sutton [20] for Dsh symmetry; the basis set exponentials are Slater's 
and for Fe Slater's and those of Ref. [21]; ionization potentials and electro- 
negativities are taken from Hinze and Jaff6 [22] and ref. [21]. The basic IEH 
program is Dibout 's [23]. 

Table 1 shows the results of E H  calculations for different definitions, with the 
same parameterization, i.e. exponents for Fe from [21] and Wolfsberg- 

Table 1. Comparison of EH results for the different bond population definitions, with the same 
parameters: Wolfsberg-Helmholz H~ i [24], exponents for Fe from Ref. [21] 

Bond Index 
Bond 
Population Mulliken Wiberg no weight with weight 

C-C 1.145 1.246 1.450 1.242 
C-H 0.889 0.982 1.032 0.944 
Fe-C -0.391 0.387 -0.176 0.249 
Fe-H -0.065 0.010 -0.040 0.003 
10(Fe-C+Fe-H) -4.56 3.97 -2.16 2.52 
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Helmholz's formula [24] for Hij. Mulliken's overlap populations involving Fe 
are significantly negative. It is seen that the introduction of the weight in the 
generalized bond index permits overcoming the appearance of negative values 
in this case. Wiberg's populations are "a priori" positive. 

Table 2 shows how the weight and the parameterizations influence IEH results 
for atomic charges and bond populations. We report in this Table the results 
which we considered more interesting, after trying a variety of parameterizations. 
A modified expression for H~i has been proposed in Ref. [4], reducing COM 
and negative overlap populations. We have explored the effect of modifying H,.j, 
(Fe or both, and of introducing the weight factor. We can remark at once that 
iteration by itself eliminates the negative Fe-C bond index found in Table 1, 
even without introducing a weight: -0.176 becomes 0.101. 

It is seen that modifying H; i changes appreciably several results when the bond 
index definition does not involve a weight; with weight the results are quite 
insensitive to Hij. The exponents used for Fe change somewhat the values, but 
not the trends. All these parameterizations give positive bond populations with 
weight. 

As to net charges, all the IEH calculations exhibit similar values, quite different 
from those obtained in the two ab-initio ones; polarity, as expected, is preserved 
in both kinds of approximations. 

Formulae (4) or (6) give the charges [10] through: 

q~=�89 I~,~) (9) 

and it is seen that Eq. (9) cannot be expressed as a sum over k,, due to the 
cross-term contributions. We have thus lost the concept of orbital charge. 
However, since Eq. (9) reduces to the familiar Chirgwin-Coulson expression 
[9, 10] in the closed-shell case, we may safely adopt here the Chirgwin and 
Coulson orbital electronic densities. 

Table 3 shows that Wolfsberg-Helmholz's H~ i gives negative Chirgwin-Coulson 
populations for the 4s and the 4pz orbitals of Fe, without weight. The Table 
shows that the alternative expression for H~j [4] eliminates the negative 4s 
population and lowers, but does not avoid, the 4pz negative population; this 
verifies both for the Mulliken and the Chirgwin-Coulson definitions. With weight, 
Wolfsberg-Helmholz's H~j works better than the one proposed in [4]. The Fe 
exponents of Ref. [21] are to be preferred to the ones by Slater, which still lead 
to a small negative population in the 4pz orbital, even with weight. 

The introduction of weight is thus seen to represent a significant step, although 
not capable by itself of preventing negative populations. It must be wisely 
combined with parameterization. 

Let us now examine more closely how the use of a weight factor influences the 
4s and 4pz negative orbital populations of Table 3. This is shown in Table 4, 
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which reproduces only the MO's contributing to the 4s and 4pz population, with 
Wolfsberg-Helmholz's Ho-. One can see that the weight factor affects very little 
the energy levels and not appreciably the coefficients. However, the contribution 
of each MO to the orbital population may change drastically and the modification 
always has the desired sense. As we shall see next, there is no fundamental 
objection against the negative contribution of an individual MO, but of course 
we expect the total orbital population to be positive. Thus, the contribution of 
the lowest MO to the 4p~ orbital population of Fe becomes positive when using 
a weight factor; but the contribution of the next MO to the 4s population, 
although diminishing, still remains negative. The contributions of the other MO's 
which are not responsible of the negative populations, are not significantly 
affected by the weight factor. 

For a better comprehension of the above, let us consider a system of two 
interacting atomic orbitals ~bl and ~b2. The contribution of one MO to the atomic 
population of ~b 1 is 

p (4~1) = 2(x2 +xlx2S12). (10) 

In the case of antibonding orbitals x~x2S12<O; when this takes place in the 
low-lying occupied MO's, we have what has been named COM. If besides 
[x lx2S12[ > x 2, P (~ 1) shall be negative. 

Now, if the weight (8) is introduced 

g'(~bl) = 2(x 2 + 2xlx2S12x1/(,Xl +X2)). (11) 

If X~<X2, then a'(~bl)>p(4~l). This is what we find for ferrocene, for the 
electronegativities of the 4s and 4p~ orbitals of Fe are less than the electronegativ- 
ity of the 2s orbital of the C atom, which is dominant in the first two MO's 
(Table 4). Thus, if COM occurs, the introduction of a weight factor leads to an 
increase of the orbital populations of the least electronegative atoms. 

The analysis of the ferrocene MO's symmetry has shown us that their sequence 
is unaltered for the eight lowest lying MO's in all our calculations and coincides 
with that of Ref. [4]. Concerning higher lying MO's some alterations may occur; 
for example, in Table 4, orbital No. 27 in (A) becomes No. 29 in (B). 

The COM phenomenon deserves some remarks which we made long ago from 
another point of view [26-28]. It is not peculiar to valence or more extended 
basis sets, for it may appear in the zr approximation when introducing overlap 
[26]. The expectation that the lowest energy level should correspond to a nodeless 
wavefunction relies upon the analogy between LCAO and "electron-in-a-box" 
wavefunctions [29]. Care must be taken not to follow this analogy too literally 
[30]. If the Hamiltonian H commutes with S, a calculation with overlap will 
lead to the same bond order results as one without overlap [9, 10, 28, 31]. When 
the commutator [1-t, S] ~ O, its eigenvalues move away from zero [32] and the 
principal directions of H and S do not coincide any more. It is [H, S] which 
rules the behavior of each approximation; if it does not vanish, the difference 
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b e t w e e n  an L C A O  ca lcu la t ion  with ove r l ap  and  a Hi i cke l  ca lcu la t ion  m a y  b e c o m e  
qual i ta t ive .  F o r  ins tance ,  a noda l  waveunc t ion  for  the  lowest  ene rgy  level  m a y  
be  o b t a i n e d  [26, 28] and  this need  no t  at  all be  cons ide red  anomalous .  

4. Conclusions 

O n e  of  the  causes  giving r ise to nega t ive  e lec t ron ic  p o p u l a t i o n s  is the  equ ipa r t i t i on  
of  b o n d  popu la t i ons .  

In  s emiemp i r i c a l  ca lcula t ions ,  the  nega t ive  p o p u l a t i o n s  o b t a i n e d  fo l lowing  any 
def in i t ion  can be  i m p r o v e d  t h rough  an a d e q u a t e  choice  of  p a r a m e t e r s .  

E v e n  with  C O M  pers i s t ence ,  the  i n t roduc t i on  of a weight  such as the  one  
p r o p o s e d  he re ,  c o m b i n e d  with  an a p p r o p r i a t e  p a r a m e t e r i z a t i o n ,  pe rmi t s  avo id ing  
nega t ive  popu la t i ons .  
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